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PREFACE

This volume gathers problems the editor has found
particularly beautiful over the years, drawn both from
the classical canon and from the work of contemporary
composers. The selection is curatorial: each problem has
been judged on the elegance of its solution, not on originality
or difficulty alone, and where a source or composer is known
the attribution is recorded. No claim is made to authorship
of the problems themselves. The editor’s contribution is the
selection, the grouping by technique, the typesetting, and the
occasional rewriting of solutions that could be tightened.

The chapters are organised by the tool that most naturally
unlocks the problems they contain: generating functions for
series, parameter differentiation for integrals, conditioning
arguments for probability, and so forth. Within each chapter
the problems are arranged roughly by ascending technical
weight, starting from the accessible and ending in the
virtuosic. A diligent reader can work through the book in
order; a reader in search of a particular technique can open
any chapter and find its emblematic problems at the front.
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CHAPTER 1

Series and Summations
<

HE PROBLEMS IN THIS CHAPTER CONCERN CLOSED-FORM

EVALUATION OF INFINITE SERIES. Generating functions

are the recurring instrument: identify an ordinary or
exponential generating function whose coefficients match the
summand, substitute a convenient value, and read off the
answer. The Fibonacci generating function x/(1 — x — x2)
and the harmonic generating function —In(1 — x)/(1 — x)
each appear here in several disguises. Where the summand
splits cleanly mod 4, the Taylor series of sin and cos at +7r
unlock unexpected closed forms; this is the engine behind
the Raghava sums. Two problems telescope, the quickest
method when it applies; one swaps the order of a double
sum and reduces to a Beta-function integral. Throughout, the
goal is the cleanest path to a closed form, not the shortest.
Several problems below were composed by K. S. Raghava and
D. Rattaggi and have circulated only in problem columns; the
editor records his debt to both.

PRrROBLEM 1.1

Prove that

— F ~ F
Yot = X G

n=1 n=1

where F,, is the n-th Fibonacci number.
D. Rattaggi
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Solution. The ordinary generating function for the Fibonacci
sequence is f(x) = Y. Fx" = x/(1 —x — x?). The
even-indexed subsequence has generating function g(x?) =
Fx) + f(=x))/2 = x?2/(1 — 3x% + x*), so that g(x) =
S Fopx™ = x/(1 = 3x + x?).

Setting x = 1/ain f:

1 =, F 1
Ef(%) = ;anzl = 2—-—a—-1

Settingx =1/(a+1)ing:

1 = F 1
a+1g(%) = Z (a_+_ir)ln+l = 2—-—a—1

n=1

The two sums agree, as claimed.

PrOBLEM 1.2

Evaluate

i (=DM — (1"

|
1=0 n:

D. Rattaggi

Solution. The parity table of (—1)/""/21 — (—1)" has period 4: it
takes the values 0,0, —2,2 forn = 0,1,2,3 (mod 4). Therefore

= 1
S=-2) ——
7;)(4n+2)!

& 1
+ 2 —_
7;) (4n + 3)!

The quarter-period identities ) | o 1/ An+2)! = cosh(1)—cos(1)
and )’ 1/(4n+3)! = sinh(1)—sin(1) (each obtained from the
four quarter-series of e* at x = 1) give

S = cos(1) — cosh(1) + sinh(1) — sin(1),

a value approximately equal to —0.669.
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ProBLEM 1.3

Prove that

i I+2+--+n (=112t g — —7T(7T *+2)
= 1-2-wm 2 '

K. S. Raghava

Solution. The triangular-number coefficientis T,, = n(n +1)/2,
and (—1)T» has period 4 in n: it takes the values —1, -1, +1, +1
forn=1,2,3,0 (mod 4). Write

s = 1Y ”("n—Tl)(—l)Tn X,

n>1

Shifting n — n + 1inn(n + Dx"/n! = (n + Dx - x"1/(n -
1)! + nx? - x"=2/(n — 2)!, the sum splits into pieces involving
Y x"/(n!) (=1)T» and its first derivative. The key identities,
obtained by separating the four residue classes mod 4 in the
Taylor series of cos and sin, are

x2n x2n+1
1\ = (1) = qj
Z 2 (-1 COS X, V;} T (-1 sin x.

n>0

Setting x = 71: the cosine series gives cos 71 = —1 and the sine
series gives sin 71 = 0. The shifted sums in the expression for
S(rt) collapse to 712 /2 from the second-order shift and 7 from
the first-order shift, giving

2 T(T + 2)
S(m) = 7+7r = —5

PrOBLEM 1.4

Evaluate

s 2
Z arctan PremTC S
= 2n+1)
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Solution. Observe the telescoping identity

arctan(2n + 2) — arctan(2n) = arctan ————,
( ) ) (2n +1)2

obtained by applying arctana — arctanb = arctan((a —b) /(1 +
ab)) to the two adjacent even integers. The original sum
therefore telescopes to

N 2
Z arctan vrarro lim arctan(2N) — arctan(0) = z
= (2n+1) N-oo 2

PrOBLEM 1.5

Evaluate

> 5
n=1

Solution. Differentiating the geometric series ) ., x" = 1/(1—
x) with respect to x gives Y _; nx"~1 =1/(1— x)2. Therefore
Y s 1X" = x/(1 — x)2, and setting x = 1/2 produces
>.n/2" =(1/2)/(1/4) = 2.

PRrROBLEM 1.6

Evaluate
o 1

TR
=n 1

. . ) ) 1 1
Solution. Partial fractions give = = 5(

telescopes two-at-a-time:

N N

SIS R,
n2-1 -~ 2 n-1 n+1

n=2

As N — oo, the sum approaches 3/4.
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ProBLEM 1.7

Evaluate

i 1
=2 (5)

Solution. This is a classical evaluation due to Euler. The identity

1 x2n

2 21y’
=12 (%)

derived by squaring the Taylor series of arcsin and integrating,

arcsin’( 3) =

yieldsatx =1

o0

= 2arcsin2(%) = —.
S () E

ProBLEM 1.8

Evaluate

> H
Z n.;n/
n=1

1

where H,, =1 + % + -+ 4+ & is the n-th harmonic number.

Solution. Start from the generating function

In(1 -
Zan” = —M.
n>1 - X

Dividing by x and integrating from 0 to ¢ yields

= 1in’(1 -6 + L),

gl

Hn
n

n=1

where Li, (f) = Y "/ n?2. Set t = 1/2 and substitute the special
value Liz(%) =m2/12 — (In2)2/2:

< H 2 2 7T
Z noo_ 12 w2

111-2” 2 12 2 12
n=
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ProBLEM 1.9

Evaluate

I
n=2k=2 '
K. S. Raghava

Solution. Swap the order of summation; the inner geometric
series in 1/k gives

1 1 1
5= Zﬁzk_’l - Zk(k—l)-k!'

k>2 """ n>2 k>2

Use the Beta-function identity ﬁ = fol (1 —x)xk=2 dx and
exchange sum and integral:

1 xk=2 1 £ —1—x
S = J.O (1—X)Zde = fo(l—x)de

k>2
Split the integrand:
ler—1—x ler—1—x

Integration by parts on the first integral, with u = ¥ —1—x and
dv = dx/x?, yields [—(e¥ —1 —x)/x](lJ + fol (e*=1)/xdx = —(e—
2) +Ein(1). The second integral equals Ein(1) —1 (separating
the linear part). Subtracting, the non-elementary Ein(1) terms
cancel:

S = (2—e+Ein(l)) — (Ein(1) - 1) = 3—e.

ProBLEM 1.10

Let the sum 1

5= 2 n2
range over all pairs (m,n) of positive integers such that the
largest power of 2 dividing m differs from the largest power

of 2 dividing n. Express S in the form & 7~.

R. Stanley
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Solution. Write every positive integer as 2'u with u odd. The
constraint i # j lets the sum factor as

2
1 1
s = ( _) o
u;d ur) sp4d
i#]
1-1/972) =

)2 — 18 = 32/45.

The odd-only Basel value is Y, 44>

SIS

72/8. The double geometric sum is (
Multiplying,
nt 32 ot

T 64 45 T 90
ProBLEM 1.11

Let p > q be the roots of x> — x — 1 = 0. Define a,, = (p" —
q")/(p — q) (the Fibonacci sequence) and let b; = 1, b, =
a,_q +a,4q forn > 2. Evaluate

< b
L o
n=1

Solution. The recurrence a,,_; + a,,1 = L, (Lucas numbers)
means b, = L, forn > 2, with by = 1 (slightly smaller than
L; =1, so no correction needed). Using the closed form L,, =
p" +q" and summing the two geometric series,

Zﬂ __r Zﬁ _ 1
= 107 10-p = 10t 10 —¢g
Withp+g=1andpg = -1,

(10—p)(10—¢q) ~ 100—10+pg _ 89

ZL_n _ p(10—¢g) +4q(10 —p) _ 10 — 2pq 12
10m

Both 12 and 89 = F;; emerge from Fibonacci arithmetic.



CHAPTER 2

Integrals
S

HE PROBLEMS IN THIS CHAPTER EVALUATE DEFINITE

INTEGRALS IN CLOSED FORM. Three techniques recur.

First, the Feynman parameter trick: introduce a
parameter, differentiate under the integral sign, integrate
the simpler problem, then recover the original by parameter
integration. Second, a substitution that exploits a hidden
symmetry; the Weierstrass half-angle substitution converts
trigonometric integrals to rational ones, and the involution
x — 1/x folds an integral onto itself. Third, expansion as a
series (Taylor or Fourier) followed by termwise integration.
One problem evaluates a Riemann sum disguised as a series,
and one is computed by recognising the integrand as the
expectation of a function of binary digits. The aim throughout
is the closed form, not a numerical approximation.

ProOBLEM 2.1

Prove that

/2 x Tln?2
f dx .
0 tanx 2

Solution. Substituting u = tan x gives

X = N
0 tanx 0 u?+1)

jﬂ/z X o arctanu

Parameterise by

> arctan(au)
I@ = Io uw?+1)
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Differentiation under the integral sign, using partial fractions
on 1/((u? + 1) (a%u® + 1)), yields

I'@) = 5
@ T

so that I(a) = %nln(l + a) after integrating and applying
1(0) = 0. Setting a = 1 delivers I(1) = wln2/2.

PRrROBLEM 2.2

Evaluate
/2
fo In(sin x) dx.

Solution. Call the integral I. Substituting x — 77/2 — x shows
I = fon/z In(cos x) dx. Therefore

7T/2 7T/2 .
= ' = sin2x
2] = fo In(sinxcosx)dx = fo In(==) dx.
The change of variable u = 2x on the right gives
2 = 1 [Mingsinuydu — Zn2
_zfo n(smu)u—in.

By symmetry the remaining integral is 21, so 2 = I — S In2,
givingI = —Z In2.

ProBLEM 2.3

Evaluate

oo © (1 n(n—l)/21:
J‘ (Z ( ) n ) da,
—co gh+1

n=1

where F,, is the n-th Fibonacci number.
K. S. Raghava

Solution. Let F(x) = Y, oo Fux" = x/(1—x—x?). The generating
functions for the even-indexed and odd-indexed Fibonacci
subsequences are

X

Fo) = ) Fand = 75

n>0
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1—x

Fo) = ), Fani¥" = 755

n>0
The sign pattern (—1)""*~1/2 has period 4 and combines these
two subsequences, giving

an+l oAt 432+ 1

n=1

A rational-function integration (partial fractions, logarithmic
and arctangent antiderivatives) produces

f°° > —a+1 . 27
—oat+32+1 5
ProBLEM 2.4

Evaluate, fora > 0,

0o =X _ e—bx

Jy ——

Solution. This is a Frullani integral. Writing

e—ax _ e—bx b

LR
X a

and swapping the order of integration,

jOOOLb e dtdx = Lbfom e ™dxdt = Jj? = lng.

PROBLEM 2.5

Evaluate )
®© ginx
[~ S0 g
0 x
Solution. Parameterise: I(a) = fooo e_“xSi%x dx fora > 0.
Differentiating under the integral sign:
o 1
I'(a) = —J‘ e ™gsinxdx = — .
0 a2 +1

Integrating from a up to co and using I(c0) =0,
T
I(a) = 77 arctana.

Sending a — 0* yields f;~ sinx/xdx = 7/2.
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ProBLEM 2.6

Evaluate
1In(1 + x)
[RLCEE:PN
0 x
Solution. Expanding In(1 + x) = anl(—l)””xn/n and

integrating term-by-term gives

0 X 4 n? 127

n=

11ln(1 +x) (1)l s
f TV gy = -
the alternating Basel sum.

ProBLEM 2.7

Evaluate

© X
dx.
jo e*—1
Solution. Expand the denominator as a geometric series:

—x 0o
1 e _ .
=1

ex—1  1l—eX

n
Integrating term-by-term against x:
) o) 2
oo x _ oo o _ l _ 7-[_
j ex_ldx_;foxe dx_an_ e

n=1

ProBLEM 2.8

Evaluate

o 1
fo 1+x4dx.

Solution. Call the integral I. The substitution x = 1/u yields
I = du.
fo 1+ ut "

Adding this to the original form of I,

o 1 4 x2
2 = fo Tl
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