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1 BMO 1971

I.I Round 1 Problem 7

Two real numbers h and k are given, such that h > k > 0. Find the probability
that two points are chosen at random on a straight line of length h should be at

a distance of less than k apart.

I.I.I Solution

The required probability is % where A is area between the lines y = « 4+ k and

y = x — k that lies inside a square of side h. The required probability is
k(2h—k)
hZ

1.1.2 Computational verification

import numpy as np

def simulate point distance probability(n_simulations=1000000,
threshold=1/3):

pointl = np.random.random(n_simulations)

point2 = np.random.random(n_simulations)

distances = np.abs(point2 - pointl)

favorable outcomes = np.sum(distances < threshold)

probability = favorable outcomes / n simulations

return probability

probability = simulate point distance probability()
print(f"Estimated probability: {probability:.4f}")

1.2 Round 1 Problem 9

Two uniform solid spheres of equal radii ars so placed that one is directly above
the other. The bottom sphere is fixed and the top sphere, initially at rest, rolls
off. If the coefficient of friction between the two spherical surfaces is pt, show
that slipping occurs when 2 sin @ = (17 cos @ — 10), where 0 is the angle that
the line of centres makes with the vertical.

1.2.I Solution

From conservation of energy, we have
1 1 2
mg2r(1 —cos0) = =(rw)? + = - —mriw?
2 2 5 (1.1)
= 20g(1 — cos0) = Trw?
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Equating forces through the center of the top sphere, we have

(rw)®
2r

N +m = mgcos@

Equating angular forces around the center of the top sphere, we have

2
20= f, = —mre

2
rf, = M 5

Just when the top sphere is about to slip, we have
fr=nN
Equating forces parallel to the point of tangency, we have
mgsinf — f. = mrw
From all the above, we get

2sin® = p(17 cos 6 — 10).
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2 BMO 1972

2.1 Round 1 Problem 9

Avertical uniform rod of length 2a is hinged at its lowest end to a frictionless
joint secured to a horizontal table. It falls from rest in this unstable position on
to the table. Find the time occupied in falling.

2.1.I Solution

When the rod is at an angle 8 with respect to the vertical line passing through
the joint:
From conservation of energy we have,

1 4a?
mga(1l — cos(0)) = im%w

2

= g—z(l —cos(0)) = w?
= 3—gsin o) _db
a 2) dt

= 210g<tan<0>> = \/3—gt+c
4 a

with the boundary condition 6(0) = 0.

(2.1)

2.2 Round 1 Problem 10

A right circular cone the vertex of which is V' and the semi vertical angle of
which is a has height h and uniform density. All points of the cone the
distances of which from V" are less than a or greater than b, where

0 < a < b < h,areremoved, A solid of mass M is left. Gven that the
gravitational attraction that a point mass m at P exerts on a unit mass at O is
(G P3)OP, prove that the magnitude of the gravitational attraction of this
solid on a unit mass at V' is

3GM(1 + cosa)

2 a2+ b2+ ab (2-1)

2.2.I Solution
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3 BMO 1982

3.1 Round 1 Problem 6

Prove that the number of sequences a,, a,, ..., a,, witheacha; = 0or 1 and

.. [P n+1
Contalnlng exactly m occurrences of ‘oI , 1S (2m+1 ).

3.1.1 Solution

A bit strings with m occurrences of 01 can be treated as a concatenation of

m + 1 bit strings where m of them end in 01. The first m bit strings are of the
form 1*0%1 which means zero or more 1s and one or more Os, and the last one
is of the form 1*0*. Let x,;_, be the number of 1s in the i*" bit string except
the last 1 where ¢ = 1, ...,m and x,,,, ; be the number of 1s in the (m + 1)
bit string. Let =, be the number of 0s in the it" where i = 1, ...,m + 1. We
have

Ty + Ty + e+ xo 0 =1 —m (3.1)

wherez,; > 0fori =1,..,m,zy; ; 20forj=1,..,m+ landz,,,,» >0
The number of solutions to the above equation is equal to the number of bit

strings which satisfy the constraints of the problem. The number of solutions is
n—m+(m+2)—1Y) __ +1

therefore ( 221 ) = (2’;1_1_1 )

3.1.2 Computational solution

Here is an elegant recursive code to calculate the number of bit strings.

def f(n, m, b):

if n ==
ifm==1and b == 1:
return 1
elif m==1 and b == 0:
return 0
elif m == 0 and b == 0:
return 2
elif m == 0 and b == 1:
return 1
return 0
ifm< 0:
return 0
if b == 0:

return f(n-1, m, 0) + f(n-1, m, 1)
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else:
return f(n-1, m, 1) + f(n-1, m-1, 0)

result = f(10, 4, 0) + f(10, 4, 1)

print(f"Number of bit strings of length 10 with exactly 3 occurrences
of '01': {result}")
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4 BMO 1993

4.1 Round 2 Problem 3

4P—1
3

remainder 1 when divided by m.

Letm = ,where p is a prime number exceeding 3. Prove that 2™~ has
4.1.1 Solution

Ifm= 4p3_1,then

_@P—1)(2P+1)
m= 3

(4.1)

We have,

om—1_ 1 —92%%* _1

- (s

The first factor of 2™~ 1 — 1 is,
—1_ _ 2p—1+1
(") _q = (22”:3‘1)( " (4.3)

is divisible by first factor of m because 2P~! — 1 is divisible by both p and 3.

The second factor of 2™~ 1 — 1is
ap—1_1 p—1_1\(2P7141)
(5 )_|_1: (2%) +1 (4.4)

is divisible by 2P + 1 because 2P~! — 1 is odd and divisible by both p and 3 and
2P—1 4 1 is also an odd number.

As 2™~1 — 1 is perfectly divisible by m, 2™~ leaves a remainder 1 when
divided by m.

We made use of the following facts:

(i) Fermat's Little Theorem (FLT) which states aP~! — 1 is divisible by p
when p is prime and p doesn’t divide a.

(ii) a™ — b™ is divisible by a — b for all n.
(iif) a™ 4 b™ is divisible by @ + b if n is odd.
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5 BMO 1994

5.1 Round 2 Problem 1

Find the first integer n > 1 such that the average of 12,22, 32, ..., n? isitself a
perfect square.

5.1.I Solution
Average of the squares of the first n natural numbers is %ﬁznﬂ).

For the average to be a perfect square, (n + 1)(2n + 1) = 6k? for some
natural £ > 1. Therefore n has to be odd.

If n = 2m + 1 for some natural m, we have

(m+1)(4m + 3) = 3k? (5.1)
Rearranging the above, we get

m(4m +7) = 3(k* —1) (5.2)
Therefore m = 3t for some naturalt > 1andn = 6t + 1.
Rearranging Equation (5.2), we get (3t + 1) (4t + 1) = k2.

3t 4+ 1 and 4t + 1 are relatively prime, so 3t 4+ 1 and 4¢ + 1 should be perfect
squares.

3t+1=2a?
(5.3)
4t +1 = y?
where « and y are natural numbers.
From the above two equations, we get an equation of the form
42 —3y? =1 (5.4)
The above equation can also be written as
(22 — v3By)(2z + V3y) = (2— v3)"(2+ v3)" (5.5)
for some natural p which gives rise to the equations
20 —V3y = (2 — V3)"
(5.6)

22 + V3y = (2 + V3)"

Solving the system of equations, we get
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(2= V3 + (24 v8)’
4
INCERG I |
Y= 2v3

We can quickly check that p = 3 is the smallest p for which both z = 13 and

xr =

(5.7)

y = 15 are integers. When p = 3,we gett = 56 and n = 337.
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6 BMO 1995

6.1 Round 2 Problem 4

(a) Determine how many ways 2n people can be paired off to form n teams of 2.
(b) Prove that (mn!)? is divisible by (m!)™*1(n!)™*! for all positive integers
m,n.

6.1.1 Solution

2n
2

(?"%) ways and so on. Therefore, the total number of ways in which n teams

For (a), the first 2 people can be selected in (%" ) ways, the next 2 people in

of 2 can be chosen from 2n people is
/2n—2(:1—1 2n!
: 2 21n
=1
The order in which the n teams are formed is irrelevant, so the total number of
ways of forming n teams of 2 from 2n people is

2n!
27 . n!

(6.2)

To prove (b), using the same logic as above, we can see that the number of ways

in which n teams of m people can be formed from mn people is

mn!
(6.3)

mim.n!

Similiarly, the number of ways in which m teams of n people can be formed
from mn people is

mn!
n!™ . m! (6-4)
Multiplying the above two integers we get
12
mn! (6.5)

n!mtl . mintl

which proves that mn!? is divisible by m!™*1 . n!™+1 for all positive integers

m,n.
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7 BMO 1996

7.1 Round 1 Problem 2

A function f is defined over the set of all positive integers and satisfies
F(1) =1996 and f(1) + £(2) + ... + f(n) = ni? f(n) foralln > 1.

Calculate the exact value of £(1996).

7.1.1 Solution

We have
f(n+1)=(n+1)2f(n+1) —n?f(n)
=n2((n+1)2 —1)f(n)
- (n Z 2 )f(n)
Therefore,

F£(2) £(3) f(1996) 1 2 1995
f(1) F(2)7F(1995) 3 471997

£(1996) 1 2
f(1) ~ 1996 1997

1996) = ——
= F(1996) = 1507
7.1.2 Verification using code

n—1 .
We have f(n) = %

from fractions import Fraction
n = 1996
sumfn = Fraction(1996,1)
for i in range(2, n+1):
fn_next = sumfn/(i**2-1)
sumfn += fn_next
print("f(%sd) = %s" % (n,fn_next))

7.2 Round 1 Problem 5

Let a, b and c be positive real numbers.
(i) Prove that4(a® + b3) > (a + b)?
(ii) Provethat9(a® + b3+ ¢3) > (a+ b+ ¢)?

12/29
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7.2.1 Solution
For (7), we have
a®+b%>a3+ b3 (7.1)
3(a® + b3) > 3(ab? + ba?) (7.2)

We get Equation (7.2) from Muirhead’s inequality because (3, 0) majorizes
(2,1). Adding the above inequalities, we get (2).

For (41), we have
a4+ +c3>a®+b3+c3 (7.3)
6(a® + b® + c®) > 3(a®b + a®c + b%a + b%c + c?a + c?b)  (7.4)
2(a® + b3 + ) > 6(abe) (7.5)

We get Equation (7.4) from Muirhead’s inequality because (3, 0) majorizes
(2,1).
We have Equation (7.5), because AM > GM.

Adding all the above inequalities, we get (47).
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8 BMO 1997

8.1 Round 1 Problem 2

For positive integers n, the sequence a,, a,, as, ..., a,,, ... is defined by

n+1
n—1

(ay +as+az+..+a,_,),n>1 (8.1)

a, =1;a, =

Determine the value of a,49;.

8.1.1 Solution 1

We have

. 2(n +2)

T (5.2
22 % On —gq,=2""2(n+1)
a; Az Gp_4

8.1.2 Brute force computational solution

n=>5

sumfn = 1

for i in range(2, n+1):
fn_next = (sumfn*(i+1))/(i-1)
sumfn += fn_next

print("f(%sd) = %s" % (n,fn_next))

8.2 Round 2 Problem 3

Find the number of polynomials of degree 5 with distinct coefficients from the
set {1,2,3,4,5,6,7,8} that are divisible by % — = + 1.

8.2.1 Solution
A fifth degree polynomial is of the form
P(z) = az® + bx* + cx® + dz? + ex + f. (8.1)
It is easy to see that —w and —w? are the roots of 2 — x + 1.
Therefore for 2 — x + 1 to divide P(x), we need
P(—w) = —aw?+bw—c+dw? —ew+ f=0
P(—w?)=—aw+bw? —c+dw—ew?’+ f=0 (8:2)

From the above two equations, we get
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at+b=d+e (8.3)
b+c=e+f (8.4)
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9 BMO 1999

9.1 Round 2 Problem 3
Non-negative real numbers p, g and r satisfy p + g 4+ r = 1. Prove that
7(pq + qr + rp) < 2+ 9pqr. (9.1)
9.1.I Solution
2+ 9pqr =2((p + q+r)%) + 9pgr
=2(p®+q>+1r?) (9.2)
+6(p*q + p?r + ¢°p + ¢*r + r’p +r?q) + 21pgr
7(pq+qr+rp) =7(pg+qr+rp)(p+q+r)
= 7(p*q + pq® + pqr + pgr
+q°r + qr? + rp® + pqr + r?p) (9.3)
=p’q+pP’r+¢’p+ ¢*r+r’p+riq+
6(p*q +p*r + ¢’p + ¢*r + r’p + r?q) + 21pqr
From Muirhead’s inequality we have
2(p° +q® +r°) 2 p’a+p’r+@’p+a*r+rip+rig  (9.4)
because (3, 0, 0) majorizes (2,1, 0).
Therefore 7(pq + gr + rp) < 2 + 9pqr.
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10 BMO 2000

10.I1 Round 1 Problem 2
Show that, for every positive integer n,

121™ — 25™ 4 1900™ — (—4)™ (10.1)
is divisible by 2000.

10.1.I Solution

As a™ — b™ is divisible bya — b for all n,

121™ — (—4)™ is divisible by 121 — (—4) = 125.

1900™ — 25™ is divisible by 1900 — 25 = 1875 which is divisible by 125.
From the above we see that 121™ — 25™ 4 1900™ — (—4)™ is divisible by 125.
We also have

121 =1mod8 = 121™ = 1 mod 8
25=1mod8 = 25™ = 1mod 8
1900 = 4mod 8 = 1900™ = 4™ mod 8

—4=4mod8 = (—4)™ =4 mod 8

(10.2)

From the above we see that 121™ — 25™ + 1900™ — (—4)" is divisible by 8. As
121™ — 25™ 4 1900™ — (—4)™ is divisible by 125 and 8 which are relatively
prime to each other, it is divisible by 125 - 8 = 2000.

10.2 Round 2 Problem 2

Given that x, y, z are positive real numbers satisfying xyz = 32, find the

minimum value of

x? + dxy + 4y? + 222 (10.1)

10.2.I Solution

Using AM > G M as all the quantities involved are positive, we have

w2+2wy+2wy+4y2+z2+z2
6

=>:/v2+4:13y+4yz+2z2 > 96

1
> (2 2zy - 2zy - 4y? - 22 - 22)°

Therefore, the minimum value of 22 4 4xy + 4y? + 222 is 96.
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11 BMO 2001

11.I Round 1 Problem 5

A triangle has sides of length a, b, c and its circumcircle has radius R. Prove
that the triangle is right-angled if and only if a? + b% + c? = 8 R2.

11.1.I Solution

In a triangle

a b . c .
sin(A)  sin(B) sin(C)

2R (11.1)

In a right-angled triangle with ZC' = 90°
a? 4+ b% + c? = 4R?%sin?(A) + 4R?sin?(B) + 4R?
= 4R?sin?(A) + 4R?cos?(A) + 4R? (11.2)
= 8R?
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12 BMO 2002

12.1 Round 1 Problem 1

Let x, y, z be positive real numbers such that 2 + y? + 22 = 1. Prove that
x2yz + xy’z + xyz? < %

12.1.I Solution
Using Muirhead’s inequality, we have
2(x?yz + zy?z + xyz?) < 2(x* + y* + 2%) (12.1)
2(x?yz + zy?z + vyz?) < 222%y? + 22222 + 2y222 (12.2)
We have the first inequality because (4, 0, 0) majorizes (2,1,1).
We have the second because (2, 2, 0) majorizes (2,1, 1).

Adding the above inequalities, we get

3(x?yz + zy?z + zy2?) < (22 + y? + z2)2 =1 (12.3)
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13 BMO 2005

13.1 Round 2 Problem 3

Let a, b, c be positive real numbers. Prove that
a b c\* 1 1 1
—+ -+ - 2(a—|—b—|—c)(—|—+)
b ¢ a a b c

13.1.I Solution

Expanding the left side, we get
a? (b2 a(a b
b2 " ¢c2  a? c a b
Expanding the right side, we get
a a b b ¢ ¢
3+ +—-—+-+-+-++
b ¢ a ¢ a b

Therefore, to prove the original inequality it is sufficient to prove that

a? b? 2 _a
iateZy

Lboe
a2 — b

c
c a
because from AM > G M we see that

a b c

- +—-+-2=23

c a b
Inequality Equation (13.4) is equivalent to the following:

zyz =1
2+ +22>2zc+y+=2

wherex = ¢,y = gandz = 2.

Combining the above inequalities, we get

a? +y? + 22 > asyszi(z+y + 2)

(13.1)

(13.2)

(13.3)

(13.4)

(13.5)

(13.6)

(13.7)

Since (2,0,0) > (3, 3,3 ), applying Muirhead’s inequality solves the problem.
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14 BMO 2006

14.1 Round 1 Problem 1
Find four prime numbers less than 100 which are factors of 332 — 232,
14.1.1 Solution
Factorizing,we have
332 _ 232 — (316 + 216)(316 _ 216)
(14.1)
— (316 + 216)(38 + 28)(34 + 24)(32 + 22)(32 _ 22)

From Fermat’s Little Theorem, we have 3'7~! — 1 — (2!7~1 — 1) is divisible by
17.

From Equation (14.1), we see that (3132} — 2{32}) js divisible by 5, 13 and 97.
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15 BMO 2010

15.1 Round 1 Problem 1

One number is removed from the set of integers from 1 to n. The average of the
remaining numbers is 402. Which integer was removed?

15.1.1 Solution

Let the integer removed be x. The average of the remaining numbers is

n(n+1) = :40§
2(n—1) n-1 4
—1)2+43(n—1 2 3
- )2+ (nl . m1:401
(n—1) " (15.1)

n—1 3 1 x 3
= — 4+ = — = 40=
2 +2+n—1 n—1 4

-1 -1 3

N T, W NP

2 n—1 4

From the above we getn = 81 and ¢ = 61.
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16 BMO 2012

16.1 Round 1 Problem 4

Find all positive integers 1 such that 12n — 119 and 75n — 539 are both
perfect squares.

16.1.1 Solution

Let,
12n — 119 = 22
) (16.1)
75n — 539 =y
From the two equations above, we have
4y? — 2522 = (2y — 5z)(2y + 5=
Y (2y )(2y ) (16.2)

=3-273=9-91=39-21=13:63

Solving the sets of simultaneous equations resulting from the above equation
and restricting ourselves to integer solutions, we get the following solutions
(z,y) = (27,69) and (z,y) = (5,19). When = = 5we getn = 12. For

x = 27, nisnot an integer.
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17 BMO 2016

17.1 Round 1 Problem 3
Determine all pairs (m, n) of positive integers which satisfy the equation
n? —6n=m?+m—10 (17.1)

17.1.1 Solution
Completing squares on both sides we get

("_3)2_9:<m+;)2_1_10 (17.2)

=(2m+1)2—-—(2n—6)2=5
From the above, we get the following sets of simultaneous equations,

2m —2n=—6V2m—2n=—2

2m+2n =10V 2m+2n =6 (17.3)

Solving the above, we get (m,n) = (1,4) or (m,n) = (1, 2).
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18 CMO 1969

18.1 Problem 7
Show that there are no integers a, b, ¢ for which a? + b — 8¢ = 6.
18.1.1 Solution

Every square integer is of the form 8k, 8k 4+ 1 or 8k + 4.

It is sufficient to consider the following 6 cases

Form of a2 | Form of b2 | Form of a? + b2 — 8¢
8s 8t 8(s+t—c)

8s 8t+1 8(s+t—c)+1
8s+1 8t +1 8(s+t—rc)+2

8s 8t4+4 8(s+t—c)+4
8s+1 8t+4 8(s+t—c)+5
8s+4 8t+4 8(s+t—c+1)

In each of the cases, it is easy to see that a? + b2 — 8c can never be 6.
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19 CMO 1971

19.1 Problem 2

Let « and y be positive real numbers such that x 4 y = 1. Show that

(1+i)(1+;>29 (19.1)

19.1.1 Solution
By AM > GM, we have

rt+zt+y ytzrty
3 3

> (wzy)%(yzx)% =zy (19.2)

Replacing  + y by 1, multiplying both sides by 9 and dividing by xy, we get
the required inequality.
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20 CMO 1978

20.1I Problem 3

Determine the largest real number z such that

r+y+z=5

zy+yz+xz=3 (20.1)
and x, y are also real.
20.1.1 Solution
As x and y are real, (x + y)? > 4xy which implies
(5—2)2>4(3—2(5—2))
=322—-102—13<0 (20.2)

13
=—-1<z< —
3
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21 CMO 1991

21.I1 Problem 2

Let n be a fixed positive integer. Find the sum of all positive integers with the
following property: In base 2, it has exactly 2n digits consisting of n 1’s and n
0’s.(The first digit cannot be 0).

2I.I.I Solution

The number of numbers with 2n binary digits where the binary form of the
number contains 1 in the first position and (7 — 1) 1’s in the rest of the
2n — 1 positions is (2::”__11 ). Each number can be represented as follows:

2271 4p,, 122724 .. +0b, (21.1)
Out of (2™—') numbers, eachb; = 1fori € {1,2,...,2n — 1} in
2n—1\n—1 _ (2n—2
ot Jan—g = (7,77) cases.

Therefore some of all the numbers which are of the form described in the first
equation is given by

(2" B 1)22"—1 + (2"’7: 2)(1 24 .. +2202)

n—1

C(2n—1\_ 5 1 2n — 2\, 0. 1 (21.2)
= (%" ) (P @ -
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22 CMO 1992

22.1 Problem 4

Solve the equation

582

CEsye 3 (22.1)

1132—{—

22.1.I Solution

Let y = x 4+ 1, then the above equation is equivalent to

—_1)2 (y—1)2:
(y—1)*+ " 3

5 2 1
=y —2y—|—1—|—1—§+?=3

=>(y+31/>2—2<y+;):3 (22.2)

1 1
=><y+—|—1)<y+—3)=0
Y Y
=y’ +y+1=0vVy>—3y+1=0

Thereforex = w — lorx = w? —lorx = %‘/gormz 1_2—‘/5wherewisthe

cube root of unity.
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